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Particle-hole continuum in Dirac sea of graphene has a
unique window underneath, which provides a unique op-
portunity for emergence of a pole in the susceptibility of
the triplet particle-hole channel in the entire Brillouin
zone (BZ). Here we use random phase approximation
(RPA) to study such collective mode at zero tempera-
ture, in a single layer of doped graphene. We find that
due to the chiral nature of one-particle states, in undoped
graphene, the wave function overlap factors do not lead
to qualitative differences, while in doped graphene they
will kill small momentum part of the branch of magnetic
excitations by pushing it to touch the lower part of the
continuum. The pole corresponding to magnetic excita-
tions survives for for larger momenta in the BZ.
(Color online) Continuum of the inter-band and intra-band
particle-hole excitations is the color-filled region. The dark line
is intensity plot corresponding to the magnetic excitations in (a)
doped, and (b) undoped graphene.
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1 Introduction Graphene, a single atomic layer of
graphite was the first realization of a two dimensional el-
emental metallic structure [1]. The salient feature in the
electronic spectrum of graphene, which distinguishes it
from other materials, is the presence of Dirac cones in
its dispersion [4,2,3], which provides a laboratory to test
relativistic type phenomena in the ∼ 1 eV energy scale.
The cone-like spectrum protects the system against impu-
rity scattering [5], as well as many-body interactions [6],
both in normal [7,8] and superconducting phases [9]. Be-
cause of the robust mass-less cone-like dispersion with a
large Fermi velocity in graphene, it is easier to observe
phenomena such as quantum Hall effect [10]. In standard
2D electron gas systems, this effect appears only at low
temperatures and for very pure samples, while in graphene
it can be observed at ambient temperature. The high mo-
bility of careers in graphene at room temperature which
is not appreciably different from its value at the liquid-
helium temperature [10,11] is another promising property
of graphene for device applications. Stacking the graphene
with further layers produces graphene multi-layers, such
as bilayer, etc. For few layers, due to quantum size effect,
the cone like dispersion is replaced by other types of chiral
dispersions [4]. However, when the number of stacks is
large enough (≈ 10) to approach the bulk limit of graphite,
the cone like dispersion is again recovered [12], except
for small electron-hole pockets at very low-energies ∼ 40
meV. Therefore the phenomena driven by the Dirac nature
of careers is common in graphene and graphite [13,14,15,
16,18,19,20]. These properties should also be shared with
the recently fabricated multi-layer epitaxial graphene [21].
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After the pioneering work of Wallace [12] on the tight
binding band picture for the electronic structure of pure
and undoped graphene and graphite, it has become pop-
ular to take into account the effects of disorder, interac-
tions and doping on top of a band picture [4]. Nevertheless,
there exists an alternate quantum chemical approach to the
electronic properties of graphene: More than half a century
ago, Pauling argued that the ground state of graphene can
be described as a natural extension of the resonating va-
lence bond (RVB) state of benzene [22,23,24], but he to-
tally ignored unbound polar (charge fluctuation) configura-
tions. This overemphasize on neutral configuration makes
graphene a Mott insulator. But graphene and graphite are
both semi metals in reality. Since then both band aspect
and Pauling’s singlet correlations have been argued to be
present in graphene [25] and two important consequences
have been brought theoretically. One of them is existence
of gap-less neutral triplet bosonic mode [16,18] for neu-
tral (i.e. undoped) graphene, which was interpreted as a
two-spinon bound excited state above a long-range RVB
ground state [27]. The other is a suggestion of high tem-
perature superconductivity in doped graphene [29,30] and
other exotic superconducting states [31,32]. An insulating
RVB state is found to be stabilized [27] at least in the Mott
insulating side of the phase diagram [6]. Moreover, lattice
gauge theory simulation of 2 + 1 dimensional QED pre-
dicts the critical value of the ”fine structure” constant in
graphene can be crossed in suspended graphene [33]. In
this scenario, the ground state of graphene in vacuum is
expected to be a Mott insulator. Recent investigation of fi-
nite clusters of sp2 bonded systems quantum Monte Carlo
methods [25] has revealed substantial RVB correlations
in undoped graphene. Moreover, two collective spin and
charge excitations in these system have been found [26]
which are argued to be naturally understandable in terms
of an underlying RVB ground state [26]. As is detailed in
the following, the collective spin state in the undoped case
can alternatively be understood even from a weak coupling
side within a simple random phase approximation [16]. In
this work we would investigate the fate of such triplet col-
lective excitations in presence of doping.
This paper is organized as follows: We start by dis-
cussing the nature of free particle-hole excitations in doped
and undoped graphene. Next we introduce the model and
summarize the RPA formulation. In the small q limit where
the linearized Dirac theory around the K points is valid,
closed form expressions for the susceptibility can be ob-
tained [38,39]. Otherwise we report numerical results. We
end the paper with a summary and discussion.
2 Nature of free particle-hole excitations The
single-particle portion of the excitation spectrum in
graphene is very well described by a 2+1 dimensional
Dirac theory. The interesting question here is, what are
possible collective excitations arising from many-body
effects when one approaches the problem from weak cou-
pling limit? In doped graphene, a plasmon branch with
square root dispersion has been found in graphene [34].
More interesting many-body effects such as plasmaron can
also be expected in doped graphene [35]. The plasmon
excitations in the above works is a collective excitation in
singlet particle-hole channel. Within simple random phase
approximation (RPA), there can be no singlet bonding col-
lective mode in undoped graphene, although going beyond
RPA another branch of singlet collective excitations has
been predicted in undoped graphene [36]. In this work we
focus on the triplet channel of the doped graphene. Can
there be any interesting collective in this channel? We have
previously shown that even in undoped graphene, triplet
channel admits a collective branch of excitations [16].
Doping of graphene can be achieved by applying appro-
priate gate voltage [4], or other methods such as chemical
doping[37]. The bi-partite nature of honeycomb lattice im-
plies that the nearest neighbor tight-binding Hamiltonian
considered in our model must be particle-hole symmetric.
Hence doping with electrons and holes are treated on the
Figure 1 (Color online) Particle-hole continuum of
graphene band structure along important directions of the
Brillouin zone. (a) and (b) denote the PHC for undoped
graphene, (c) and (d) correspond to doped graphene. For
better comparison, the energies of both doped and undoped
cases are reported in units of εF . Panel (e) is the same as
(c) enlarged for clarity, which also schematically shows the
neutral spin-1 collective mode branch with (without) over-
lap factors by solid (dashed) red line. Panel (f) schemati-
cally depicts the cone-like band picture with two possible
sets of inter-band and intra-band processes shown by cyan
and blue arrows, respectively.
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Figure 2 (Color online) The BZ of graphene with inequiv-
alent Dirac cones at K1,K2, etc. Only two of the cones are
independent. Those with even (odd) indices are equivalent
to each other by periodicity in the reciprocal space.
same footing. Therefore here we focus only on the case
of electron doping. As can be seen in Fig. 1 (f), doping
with electrons have two effects: One is to Pauli block some
of the inter-band transitions which depletes the region of
momenta around the Γ and K points, compared to un-
doped case. Second is to add a new 2D like portion to the
PHC corresponding to intra-band particle-hole excitations
denoted by blue in panel (e). Therefore, populating the
conduction band of the Dirac cone with electrons modi-
fies the particle-hole continuum (PHC) by adding a small
2D-like portion and creating small triangular windows
around the Γ and K points of Brillouin zone, shown in
Figure 1 (c,d,e) by dark blue. The particle-hole continuum
around the K point is associated with inter-cone scattering
processes corresponding to various values of q around Qi
in Figure 2. In the triangular window corresponding to
small momenta around Γ point, the triplet branch of col-
lective excitations (solid red line) will actually touch the
intra-band portion of the PHC tangentially, and will not
be well-defined branch. For larger momenta it will emerge
again in the other side below the whole PHC.
3 Formulation of the problem Unlike plasmon (sin-
glet) excitations, for which the long-range part of the
Coulomb interaction is essential, since here we are inter-
ested in collective excitations in triplet (spin-flip) channel,
we only need to consider the short range part of the in-
teraction. A recent ab-initio calculation substantiates this
assumption, according the which even the screened value
for the short range (Hubbard) part of the interaction in
graphene was obtained to be about 9 eV [40]. The next
neighbor Coulomb parameter (U01) in Ref. [40] was ob-
tained to be ∼ 4 eV. As far as the formation of a triplet
low-energy state is concerned, it has been shown that
inclusion of longer range part of the interactions does
not lead to qualitative change in the dispersion of spin-1
collective excitations [18]. The next neighbor Coulomb
parameter may have its own interesting effects in creat-
ing many-body states similar to light-excitons [41], while
the triplet excitations considered in our present work can
be considered as analogue of dark excitons. Such states
maybe combined in doped situations to give rise to more
complicated objects, such as recently observed trions in
hole-doped carbon nano-tubes [42].
Hence the model we use is the Hubbard model defined
as,
H = −t
∑
〈i,j〉,σ
(
c†iσcjσ + h.c.
)
+ U
∑
j
nj↓nj↑, (1)
where i, j denote sites of a honeycomb lattice, and σ stands
for spin of electrons. The spectrum of the band limit, U =
0, is given by ǫk,α = ±ǫk corresponding to α = +1,−1
for conduction and valence bands, respectively, and,
ǫk = t
√
1 + cos(
√
3ky/2) cos(kx/2) + 4 cos2(kx/2),
(2)
where t ∼ 2.8 eV is the hopping amplitude. The lattice pa-
rameter a is taken as carbon-carbon distance. In this model,
U is on-site Coulomb repulsion. Although the bare value
of U in graphene is ∼ 4t − 5t, but within the RPA one
should not increase U above Uc ∼ 2.23t [18]. The under-
estimation of Uc is a known artifact of RPA, as in the sense
of Hubbard-Stratonivich transformation, the RPA approx-
imation belongs to the family of mean field approxima-
tions [43]. Therefore to be consistent in applying the RPA
approximation, we restrict ourselves to values of U ∼ 2t.
We implement the RPA approximation in the triplet
particle-hole channel, which is given by [44,45],
χRPAtriplet(q, ω) =
χ(0)(q, ω)
1− Uχ(0)(q, ω) . (3)
Note that the sign of U for triplet and singlet channels is
different [44]. Hence, when the above triplet susceptibility
diverges, the contribution of the singlet channel to the total
susceptibility will remain finite. The retarded bare suscep-
tibility χ(0) is given by the standard particle-hole form,
χ(0)(q, ω) =
1
N
∑
kα,α′
(
fα
′
k+q − fαk
)
Fα,α
′
(k,k+ q)
~ω − (ǫk+q,α′ − ǫk,α) + i0+ , (4)
where N is the number of unit cells and α, α′ = ±1 stand
for conduction and valence bands, fαk is the Fermi distribu-
tion function, which determines the occupation of the state
characterized with quantum labels (k, α) and energy ǫk,α,
and wave function overlap factors are given by,
Fα,α
′
(k,k+ q) = (1 + αα′ cos(θk − θk+q)) /2, (5)
where ζk ≡ eiθk ≡ φ(k)/|φ(k)|, φ(k) = −t
∑3
i=1 e
iδi.k
,
δi is nearest neighbor vectors on the honeycomb lattice.
These factors are simply due to the change of basis from
Copyright line will be provided by the publisher
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two sub-lattice (A,B) into the physically transparent ba-
sis of conduction and valence states (α=+,-). The scat-
tering matrix elements between chiral states (k, α) and
(k′, α′) of the cone-like dispersion in graphene are given
by 〈k′, α′|V |k, α〉 = V˜ (k − k′) (1 + αα′eiθk−iθk′ ) /2,
where V˜ is the Fourier transform of the scattering potential.
When the above phase factors are inserted into particle-
hole bubble diagrams, give rise to the overlap factor in the
free particle-hole propagator, Eq. (5).
Naive construction of RPA like series in terms of den-
sity fluctuation bubbles gives rise to a second order equa-
tion in U , which does not have any solution in the triplet
channel [17]. However, explicit construction of triplet op-
erators along with arguments based on renormalization
amounts instead of a second order equation, to two first or-
der sets of equations, each one of which will be of the type
1 − Uχ(0)(q, ω) = 0. One of these equations admits so-
lutions at finite values of interaction strength U [45]. The
valley degeneracy will be taken into account when com-
paring numerical results in the hexagonal BZ with that of
a linearized cone model in a circular BZ of the same area.
Also the spin degeneracy of 2 appears as a 3/2 factors mul-
tiplying the whole χRPAtriplet, and another factor of 1/2 mul-
tiplying χRPAsinglet [44].
4 Results At T = 0, and for electron doping case
corresponding to µ > 0, conduction band is partially occu-
pied; i.e. from Dirac point to the Fermi level. So there are
two types of particle-hole excitations: (i) intra-band tran-
sition corresponding to α, α′ = +1. (ii) inter-band transi-
tions corresponding to α(α′) = −1(+1) in the above sum-
mation. The PHC corresponding to the above processes has
been depicted in Fig. 1, and corresponds to regions in ω−q
space where the imaginary part of χ(0)(q, ω) takes on non-
zero values. The numerical calculation of χ(0)(q, ω) for
arbitrary q in the BZ is straightforward. However, for the
low-energy part of the spectrum where the Dirac disper-
sion ǫk = ~vF |k| governs the kinetic energy, one can ob-
tain closed form formulae for bare susceptibility [38,39,
46]. Possible zeros of the denominator in Eq. (3) occur
in regions where imaginary (dissipative) part is identically
zero,
ℜχ(0)(q, ω) = 1
U
, ℑχ(0)(q, ω) = 0. (6)
The second equation above means that the solution must
be outside the PHC. Moreover in the first equation above,
the right hand side is positive, and so should be χ(0)(q, ω).
But as can be clearly seen from Eq. (4), the non-interacting
susceptibility can be positive only for ~ω < (ǫk+q,+ −
ǫk,−), which actually defines the empty region below the
PHC in Fig. 1.
4.1 Undoped graphene In the case of undoped
graphene, the calculation of χ(0) defined in Eq. (4) gives
the following result [38,39]:
ℑχ(0)(q, ω) = q
2
16
θ(ω − vF q)√
ω2 − v2F q2
, (7)
which is surprisingly identical to the result obtained in
Ref. [16] (Note that to compare to Ref. [16] we have to
set g = 1). Although in our earlier work [16] on undoped
graphene, we did not take the overlap factors (5) into ac-
count, we obtained the same result. The first question in
undoped graphene, neglect of the wave-function overlap
factors does not lead to a different result? One qualitative
way to understand this point is that, due to chiral nature
of electronic states in conduction and valence bands of the
Dirac cone, for particle-particle scattering in the conduc-
tion band (corresponding to α = α′ = 1) as well as for
hole-hole scattering in the valence band (corresponding to
α = α′ = −1) the back-scattering is diminished due to
the overlap factors Eq. (5), as 1 + αα′ cos(θk − θk+q)
will be zero for θk − θk+q = π when αα′ = 1. Simi-
larly, when αα′ = −1, i.e. for the particle-hole scattering
the forward scattering (corresponding to θk − θk+q = 0)
will be diminished. Therefore in the particle-hole chan-
nel, the back-scattering contributes dominantly to the non-
interacting susceptibility. Indeed a 1D like (inverse square
root) behavior of the density of particle-hole states is a re-
sult of such confinement of scattering to a line by enhance-
ment of back-scattering in the particle-hole channel. Using
Eq. (7) to solve Eq. (6) in q → 0 limits gives
ω(q) = vF q − U
2
32vF
q3, (8)
which is valid for a model of single Dirac cone. Fig. 3
Figure 3 (Color online) Contour plot for ℜχRPAtriplet in Γ →
K direction for undoped graphene, using the full energy
band dispersion. Different panels correspond to (a) U =
1.8t, (b) U = 2.0t.
shows the intensity plot for the dispersion of the triplet
RPA susceptibility where the divergence is clearly marked
by intense line below the PHC in undoped graphene. This
Copyright line will be provided by the publisher
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result is obtained without linearization of the spectrum, and
hence effectively takes into account the presence of other
cone as well. To compare results of a model with a sin-
gle Dirac cone, with those obtained from the the full tight-
binding band dispersion, Eq. (2), which involves numeri-
cal integration of Eq. (4), we have to keep the following
point in mind: The values of U in the linearized theory
must be scaled in by the bandwidth kcvF before compar-
ing to values of U/t in the tight-binding theory. Moreover,
the assumption of only one cone in a circular BZ, underes-
timated the particle-hole processes occurring at each cone
by a factor of 2. This leads to the scaling U → 0.4548U
in the numerical results before comparing them to the an-
alytic ones. With this point in mind, the result of numeric
calculation is shown in Figure 3. As can be seen in the
figure, taking into account the overlap factors for undoped
graphene again gives a dispersive spin-1 collective mode
in the particle-hole channel, in agreement with Ref. [16].
4.2 Doped graphene Now let us concentrate on the
case of doped graphene and calculate χ(0) for µ > 0. The
overlap factor F+,− which approached to 1 in the limit of
~ω → vF |q| → 0 was associated with the inter-band pro-
cesses which are relevant to undoped graphene. However,
in the case of doped graphene, inter-band processes at low
momenta are Pauli-blocked, and instead a new portion de-
noted by dark blue in Fig. 1 will be added to the continuum.
Relevant to this portion are the intra-band overlap factors,
F+,+ for the electron doped case. In this case by Eq. (5)
the back-scattered particle-hole pairs which were responsi-
ble for the formation of a triplet bound state would actually
give zero. Because the condition cos(θk − θk′)→ −1 im-
plies F+,+ → 0. Therefore in doped graphene, the phase
space required for the formation of particle-hole bound
state in triplet channels is diminished by the wave function
overlap factors. Hence unlike the undoped case, in doped
graphene we expect these overlap factors to play very cru-
cial role at least for momentum transfer around the Γ point
where the linearized Dirac theory applies.
Let us see this more formally in terms of analytic ex-
pressions. The integral in Eq. (4) for the linearized Dirac
cone theory can be calculated [38,39] which in the q → 0
limit becomes,
ℜχ(0)(q, ω) = − gµ
2π~2v2F
(9)
+
gµ
16π~2v2F
x2√
z2 − x2
[
8z
x2
+ ln
(
2− z
2 + z
)]
.
where z = ~ω/µ, x = q/kF . In the z > x region
for ω → 0, the poles in triplet channel are solutions to
 0
 0.2
 0.4
 0.6
 0  0.2  0.4  0.6
ω
/µ
q/kF
Figure 4 (Color online) Color-filled region denotes PHC
due to intra-band particle-hole excitations. Dispersion re-
lation Eq. (10) for γ = 0.1. In the limit µ → 0, we have
γ → 0 and spin-1 branch becomes tangent to the PHC
edge.
ℜχ(0)(q, ω) = 1/U . For q → 0 we have,
z =
2
(
2πvF
2 + gµU
)
x√
πvF 2gµU + 16π2vF 4 + g2µ2U2x2
≃ 1 + gµU/2πv
2
F√
1 + gµU/πv2F
(
x− (gµU/2πv
2
F )
2
2(1 + gµU/πv2F )
x3
)
≃ (1 + γ) (x− γx3) , γ = 1
2
(
gµU
2πv2F
)2, (10)
where in the last step we have expanded around µ = 0
limit, and γ is small positive constant. In Figure 4 we have
plotted the dispersion relation (10) for γ = 0.1. For µ→ 0
additional slope γ tends to zero, and the spin-1 collective
mode branch becomes tangent to the PHC edge. Note that
the whole scale in this figure is proportional to µ. There-
fore in µ → 0 limit we will have a situation schematically
shown in Figure 1(e), with triangular window becoming
smaller and the spin-1 collective mode coming closer to
the intra-band PHC. In doped graphene spin-1 collective
mode for small momenta, decays into intra-band part of
PHC in µ → 0 limit and it becomes both numerically and
experimentally difficult to capture the collective mode.
To demonstrate the importance of overlap factors re-
moving the triplet branch of excitations from the triangu-
lar empty window around the Γ point, in appendix, we
provide the contour plot for the triplet RPA susceptibility
without taking the overlap factors into account. As can be
seen clearly in Fig. 6, if the overlap factors are ignored in
doped case, one will erroneously expect a flat branch of
triplet excitations for small momenta inside the triangular
region. However, it is the effect of wave-function overlaps
as discussed above that pushes the branch down to make it
tangent to the continuum of intra-band particle-hole pairs.
These discussions based on the chirality of the states in the
Dirac cone hold for the low-momentum part of the spec-
trum. However, for larger momentum transfer, as can be
Copyright line will be provided by the publisher
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seen in Fig. 1 the empty region below the PHC is quite
large and there would be no contribution from the intra-
band parts to possibly interfere with the triplet branch.
Therefore, at finite µ and for the tight-binding band
dispersion, we use numerical integration to calculate the
poles of χRPAtriplet at arbitrary momentum transfer. This has
been shown in Figure 5. As can be seen, in agreement with
the phase space argument based on the overlap factors,
the small momentum part of the triplet collective mode is
entirely lost and nothing can be captured in the numeric
data in the small triangular window. However, the collec-
tive mode emerges again in the larger window below the
whole PHC, when one goes to higher momentum trans-
fers. Panels (a) and (b) in Figure 5 correspond to µ = 0.4
eV, with U = 1.8t, U = 2.0t, respectively. Panels (c) and
(d) in this figure correspond to µ = 0.6 eV, and U = 2t,
U = 2.2t, respectively. As can be seen, for a given value
of µ, larger values of U push the spin-1 collective mode to
lower energies and give rise to larger binding energies. This
feature is similar to the case of undoped graphene. Com-
paring panels (b) and (c) which correspond to the same
value of U = 2t with different chemical potentials, one
can see that in the case of smaller µ = 0.4 eV, the energy
of spin-1 collective mode is on the scale of ∼ 4µ = 1.6
eV. For µ = 0.6 eV, the energy of the collective mode will
be ∼ 2.5µ = 2.5 × (0.6) = 1.5 eV, which is not much
different from the energy scales shown in Figure 3.
Figure 5 (Color online) Contour plot for ℜχRPAtriplet in Γ →
M direction for doped graphene, panels correspond to (a)
µ = 0.4 eV, U = 1.8t, (b) µ = 0.4 eV, U = 2.0t, (c)
µ = 0.6 eV, U = 2.0t, (d) µ = 0.6 eV, U = 2.2t.
4.3 Role of the other Dirac cone Our analytical re-
sults so far are valid in the long-wavelength limit where q
is restricted to be around the Γ point. Here we study our
collective mode for momentum transfer near corners of the
BZ (q ≈ Ki) in Figure 2. This subsection is based on
Ref. [47]. To be self-contained, we quote their results spe-
cializing to triplet channel. It turns out that singlet (plas-
mon) and triplet excitations around Ki points will be de-
generate for non-zero doping. The dielectric function in the
triplet channel can be written as [47],
ǫQ,Q′(q, ω) = δQ,Q′ + Uχ
(0)
Q,Q′(q, ω), (11)
Note the difference between the signs of the interaction
matrix elements [44] in the above equation with that of
Ref. [47]. The bare particle-hole bubble acquires matrix
structure with respect to vectors connecting cones as,
χ
(0)
Q,Q′(q, ω) =
gs√
N
∑
k
∑
α,α′
fαk − fα
′
k+q
~ω + ǫk,α − ǫk+q,α′ + i0+ ηq,Qη
∗
q,Q′ ,(12)
where Q,Q′ = {0,K1,K2} are shown in figure 2 and
ǫQ,Q′ is 3×3 acquires a tensor structure with respect to
the above indices. Here α, α′ refer to conduction (+) and
valence (-) bands. Overlap factors in this case as given in
Ref. [47] become,
ηq,Q =
1
2
M(|q+Q|)
[
ζkζ
∗
k+q + αα
′e−i(q+Q).a
]
, (13)
where a is a basis vector connecting two carbons on the
same sub-lattice of the honeycomb lattice and the atomic
form factor is M(|q + Q|) = ∫3D d3r|ψ(r)|2ei(q+Q).a,
with ψ(r) being atomic pz orbital and integration is per-
formed in 3D space. Poles of the tensor susceptibility are
given by the following condition [47],
det [ǫQ,Q′(q, ω)] = 0, (14)
where q is around Ki and the dielectric tensor is as given
in Ref. [47],
ǫQ,Q′ = δQ,Q′ +
β√
|ω|/vF q − 1
fQ(θ)f
∗
Q′(θ) (15)
with fQ(θ) = (−e−2iθ + e−iQ.a)/
√
6 and θ is angle be-
tween e.g. the vector q − K1 and its neighboring non-
equivalent cone K2 in Figure 2. Solution of Eq. (14) is
given by (note that the sign of β in Eq. (15) for triplet chan-
nel is different from singlet channel),
ωspin(q) = vF (1 + β
2)|q−Ki| = vs|q−Ki|. (16)
where vs = vF (1 + β2) is velocity for spin mode and
|q −Ki|a ≪ 1, β = 3gsUµ4π√2v2
F
M2(K). Therefore the spin
collective mode, near Ki points has linear dispersion with
a slope slightly higher than the PHC edge. In µ → 0
limit it reduces to earlier findings of Ref. [16]. The sign
of interaction which is encoded in parameter β is irrel-
evant in the above discussion. Therefore near Ki points
in doped graphene singlet (plasmon) and triplet collective
modes are degenerate. However, the difference shows up
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in the undoped graphene corresponding to µ = 0, where
there would be no room for singlet (plasmon) collective
modes below the PHC, and the repulsion from inter-band
particle-hole states stabilizes the triplet collective mode by
a |q−Ki|3 correction [16].
5 Summary and discussion We investigated dis-
persion of a triplet neutral collective mode in graphene. We
revisited the problem of undoped graphene, and showed
that in the case of undoped graphene, inclusion of wave
function overlap factors does not qualitatively modify
the dispersion of neutral spin-1 collective mode formed
as a split-off state below the PHC. In the case of doped
graphene, PHC acquires additional intra-band portion,
while at the same time some portions of the inter-band
PHC will be lost due to Pauli blocking. In this case there
will be small triangular windows adjacent to energy axis
near Γ and Ki corners of hexagonal BZ. Near Γ point,
the intra-band overlap factors at small momentum trans-
fers approach zero, which in turn shrinks the phase space
required for the formation of triplet collective excitation,
thereby pushing the triplet branch to be tangent to the con-
tinuum of intra-band excitations. The neutral spin-1 branch
will emerge again below the total PHC at larger momentum
transfers. Very close to Ki corners of the hexagonal BZ,
singlet (plasmon) collective mode will be degenerate with
the triplet excitations dispersing linearly [47]. Neutron
scattering signals involving spin flip can serve as a probe
to isolate the contribution of near Ki triplet excitations
from degenerate singlet plasmon excitation.
Recent large scale projective quantum Monte Carlo
calculation indicates presence of substantial spin liquid
character in the regime of intermediate correlation on hon-
eycomb lattice at half-filling [48]. Our diffusion Monte
Carlo (DMC) study of sp2 bonded systems, as well as ex-
act diagonalization study of the Hubbard model on honey-
comb geometry supports a triplet collective excited states
in these systems. Such triplet states exist even in the limit
of strong correlations on the honeycomb lattice [27,28].
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7 Appendix In this appendix we calculate the triplet
susceptibility without taking into account the overlap-
factors in doped graphene. This has been done both nu-
merically and analytically. This demonstrates that unlike
the case of undoped graphene, where it was not essential
to include these factors, in doped graphene, they give rise
to a flat dispersion for the triplet collective excitations.
The proper inclusion of the overlap factors as discussed in
the text pushes such a dispersion down to touch the upper
border of intra-band PHC. The numerical evaluation of the
triplet susceptibility by dropping the overlap factors over
the whole BZ has been presented in Fig. 6.
Figure 6 (Color online) Numerical calculation of the spin-
1 collective mode for (a) U=1.8t, (b) U=2t, (c) U=2.2t and
µ = 0.4 eV. Borders of the triangular region of Fig. 1 (e)
are shown in white here.
Now we obtain analytic expressions for the total sus-
ceptibility in doped graphene by ignoring the overlap fac-
tors. There are two sets of intra-band and inter-band terms.
In the following, we calculate them separately.
7.1 Intra-band term The nature of PHC is shown in
Figure 1 (e). Part of PHC shown in blue corresponds to
intra-band particle-hole processes. As can be seen this part
is qualitatively similar to the PHC of standard 2D met-
als with extended Fermi surface. The only difference is in
the form of dispersion which unlike ordinary metals with
quadratic dispersion, here one has cone like dispersion. For
intra-band particle-hole excitations we have,
χ
(0)
intra(q, ω) =
1
N
∑
k
fc,k+q − fc,k
~ω − (ǫk+q − ǫk) + i0+ . (17)
In the T → 0 limit where,
fc,k+q =
1
eβ(ǫk+q−µ) + 1
→ Θ(µ− ǫk+q), (18)
fc,k =
1
eβ(ǫk−µ) + 1
→ Θ(µ− ǫk), (19)
it becomes,
χ
(0)
intra(q, ω) =
1
N
∑
k
Θ(µ− ǫk+q)−Θ(µ − ǫk)
~ω − (ǫk+q − ǫk) + i0+ . (20)
In the first step function, we apply a change of variable, k+
q → −k, and after converting the summation to integral,
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we obtain:
χ
(0)
intra(q, ω) =
A
4π2
∫
dk2(
Θ(kF − k)
~ω − (ǫk − ǫk+q) + i0+
− Θ(kF − k)
~ω − (ǫk+q − ǫk) + i0+ ), (21)
whereA is the unit cell area. In analytic calculations we use
ǫk = ~vF |k| which is valid for low energies. For arbitrary
q we evaluate the integrals with numerical quadratures. Us-
ing the formula 1
x+i0+ = P
1
x
− iπδ(x), the imaginary part
can be most conveniently written as,
ℑχ(0)intra(q, ω) =
− A
4π2
∫
d2k [δ(~ω − ǫk + ǫk+q)− δ(~ω + ǫk − ǫk+q)] =
− A
4π2
∫ kF
0
kdk
∫ 2π
0
dφ[δ(z − k +
√
k2 + q2 + 2kq cosφ)
−δ(z + k −
√
k2 + q2 + 2kq cosφ)], (22)
where z = ω/vF . Delta integrals are simplified by using
the formula δ(f(x)) =
∑
s
δ(x−s)
|∇xf(x)|x=s where s denotes a
root of f(x). Let us define,
f(k, q, φ) = z ± (k −
√
k2 + q2 + 2kq cosφ). (23)
In term of new variable u = cosφ, the root of f(k, q, φ) =
0 is, u = z
2−q2±2zq
2kq , which gives,
∇uf(k, q, u) = − kq
z ± k . (24)
Substituting,
dφ = − du√
1− u2 , (25)
in Eq. (22) the u integral becomes trivial and we are left
with the following integration over radial variable k:
ℑχ(0)intra(q, z) =
−A
2π~vF
∫ kF
0
dk × (26)
 (k − z)Θ(k − z+q2 )
q
√
1− ( z2−q2−2zk2kq )2
− (k + z)Θ(k −
q−z
2 )
q
√
1− ( z2−q2+2zk2kq )2


The step functions in integrand correspond to particle-
hole (p-h) continuum. We restrict ourselves to q < 2kF
region. In this region, the dissipative part of intra-band pro-
cesses is non-zero only when ω < qvF . Radial integration
can be performed to give [49,38],
ℑχ(0)intra(q, z) =
−A
16π~vF
q√
1− z2/q2 ×
(1− 2z2
q2
)
ln

(2kF − z
q
)
+
√(
2kF − z
q
)2
− 1


+
(
2kF − z
q
)√(
2kF − z
q
)2
− 1 (27)
−
(
1− 2z
2
q2
)
ln

(2kF + z
q
)
+
√(
2kF + z
q
)2
− 1


−
(
2kF + z
q
)√(
2kF + z
q
)2
− 1


For calculation of ℜχ(0)intra(q, ω) , we directly use
Eq. (17) and we find:
ℜχ(0)intra(q, z) =
A
4π2~vF
∫
d2k[
1
z − k +
√
k2 + q2 + 2kq cosφ
− 1
z + k −
√
k2 + q2 + 2kq cosφ
]
=
A
2π2~vF
∫ kF
0
kdk
∫ π
−π
dφ×
k −
√
k2 + q2 − 2kq cosφ
z2 − (k −
√
k2 + q2 − 2kq cosφ)2
. (28)
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The φ integral can be evaluated and simplified to give,
ℜχ(0)intra(q, z)|z>q =
A
π~vF
∫ kF
0
dk ×(
k(z − k)√
[(q − k)2 + (z − k)2][(q + k)2 − (z − k)2]
− k(z + k)√
[(z + k)2 − (q − k)2][(z + k)2 − (q + k)2]
)
=
A
16π~vF
1√
z2 − q2 ×[
(q2 − 2z2) ln
(
(
2kF + z
q
) +
√
(
2kF + z
q
)2 − 1
)
−(q2 − 2z2) ln
(
(
2kF − z
q
) +
√
(
2kF − z
q
)2 − 1
)
−(q2 − 2z2) ln
(
(
z
q
) +
√
(
z
q
)2 − 1
)
−(q2 − 2z2) ln
(
−(z
q
) +
√
(
z
q
)2 − 1
)
−q2(2kF − z
q
)
√
(
2kF − z
q
)2 − 1
+q2(
2kF + z
q
)
√
(
2kF + z
q
)2 − 1
]
. (29)
Demanding the expressions under square root to be posi-
tive, gives the following region for the window protected
from free particle-hole energy levels: q < z < −q + 2kF .
7.2 Inter-band term Inter-band processes (near Γ
and K points) one has,
χ
(0)
inter(q, ω) =
1
N
∑
k
fc,k+q − fv,k
~ω − (ǫk+q + ǫk) + i0+ , (30)
which in an analogous way to Eq. (21) simplifies to,
χ
(0)
inter(q, ω) =
A
4π2
∫
d2k× (31)(
Θ(kF − k)
~ω − (ǫk + ǫk+q) + i0+ −
1
~ω − (ǫk+q + ǫk) + i0+
)
.
When working with the linearized low-energy theory, the
limits are from 0 to a momentum cutoff kc of the linearized
theory. Substituting linear dispersion in polar coordinates,
the inter-band part simplifies to,
χ
(0)
inter(q, ω) =
−A
4π2
∫ kc
kF
kdk
∫ 2π
0
dφ×
1
~ω − ~vF (k +
√
k2 + q2 + 2kq cosφ) + i0+
. (32)
The imaginary part of χ(0)inter can be written as,
ℑχ(0)inter(q, z) =
A
4πvF
∫ kc
kF
kdk ×
∫ 2π
0
δ
(
z − k −
√
k2 + q2 + 2kq cosφ
)
. (33)
First we do integration on φ, to find [18]:
ℑχ(0)inter(q, z) =
A
2π~vF
∫ kc
kF
dk
z − k
q
√
1− ( z2−q2−2zk2kq )2
×
[
Θ(k − z + q
2
)−Θ(z − q
2
− k)
]
=
A
16~vF
2z2 − q2√
z2 − q2
,−q + 2kF < z < q + 2kc. (34)
Now we use Kramers-Kronig relation for calculation of
ℜχ(0)inter from imaginary part, χ(0)inter [18]:
ℜχ(0)inter(q, ω) =
A
16π~v2F
∫ (q+2kc)vF
(−q+2kF )vF
dω′
ω′ − ω
2ω2 − q2v2F√
ω2 − q2v2F
.
(35)
Defining the new variable η by relation ω′ = qvF coth(η),
the limits of integration η1, η2 are given by coth(η2) =
1 + 2kc/q, coth(η1) = −1 + 2kF /q, so that we obtain:
ℜχ(0)inter(q, ω) =
Aq2
16π~
∫ η2
η1
dη
2 coth2(η)− 1
sinh(η) [ω − qvF coth(η)]
=
A
16π~
{−q
vF
(
2 + 2
kc − kF
q
+
2kF
q
√
1− q
kF
− 2kc
q
√
1 +
q
kc
)
−2ω
v2F
ln

−1 + 2kFq − 2kFq
√
1− q
kF
1 + 2kc
q
− 2kc
q
√
1 + q
kc


+
2q2(1 − 2ω2/v2F )√
q2v2F − ω2

arctan

qvF (1 + 2kcq − 2kcq
√
1 + q
kc
)− ω√
q2v2F − ω2


− arctan

qvF (−1 + 2kFq − 2kFq
√
1 + q
kF
)− ω√
q2v2F − ω2



 (36)
+
q
vF (1 +
2kc
q
− 2kc
q
√
1 + q
kc
)
− q
vF (−1 + 2kFq − 2kFq
√
1 + q
kF
)

 .
Equations (28), (29), (34) and (36) complete the analytic
evaluation of total non-interacting susceptibility χ(0) =
χ
(0)
intra + χ
(0)
inter. The final results we use in our plots are
given by Equations (34) and (36) which are again valid
for values of |q| which are small compared to kF . These
results agree with numerical results when plotted on the
same figure. As can be seen in Figure 6, neglecting the
wave function overlap factors in doped graphene gives rise
Copyright line will be provided by the publisher
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to a a neutral triplet collective mode branch in small q re-
gion, which has essentially no dispersion. This is in con-
trast to Figure 5, where the inclusion of overlap factors es-
sentially destroys the triplet collective mode branch. There-
fore we can see that, in contrast to undoped graphene,
where neglect of overlap factors did not lead to any quali-
tative change in the fate of neutral triplet collective mode,
in doped graphene, overlap factors assume very essential
role in the case of doped graphene.
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